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ABSTRACT 
In this action research, the interactions of seventh grade pre-algebra students in a 
mathematics classroom shared their explanation and justification processes through group 
work. Prior to the start of the study students were given a written pre-test to determine 
current conceptual thinking in mathematics. Over the next nine weeks, the teacher 
engaged the students in problem solving activities that included reasoning skills, 
communication and making connections through discussion with their peers. Following 
nine weeks of written and verbal discourse, students were provided a post-test to 
determine changes in their conceptual thinking. Overall students’ grades, journal writings 
and test scores showed positive gains with the greatest changes occurring in written 
explanations of their conceptual thinking in mathematics. 
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CHAPTER 1 INTRODUCTION 
 
The purpose of this action research study was to determine how the use of verbal 
and written explanations and justifications in a seventh grade pre-algebra class impacted 
student outcomes. This study attempted to answer the following two action-research 
questions.  
1. How can problem solving enhance students’ written explanations and 
justifications in mathematics?  
2. How did students’ communication in a problem-solving climate impact their 
written explanations and justifications in mathematics?  
The researcher, in the past, worked with students considered gifted 
mathematically over the last ten years. Each year in the past, a form of discourse took 
place in the classroom as the students who were labeled gifted worked in small groups 
during problem solving. The students consistently gained a high level of conceptual 
understanding as shown by the students’ standardized tests. The researcher wanted to 
look at this practice in her new role to see if these high learning gains were from best 
practices or if the students, being gifted, learned naturally.  
This year, the researcher was given an assignment to work with students in a pre-
algebra class rather than her typical class assignment of gifted students. Therefore, the 
action research study focused on if students who were not labeled gifted in a pre-algebra 
classroom could learn through classroom discussions and discourse focused on problem 
solving.  
Based upon recommendations from the National Council of Teachers of 
Mathematics (NCTM) students were provided opportunities to work together 
cooperatively in both large and small groups on significant problems. Students 
questioned, discussed, made mistakes, listened to others’ ideas and provided constructive 
criticism throughout the communication process. The students were encouraged to think 
and reason as the teacher served as the facilitator of learning and communication. 
The Principals and Standards for School Mathematics (2000) authored by the 
National Council of Teachers of Mathematics (NCTM) emphasizes a need for teachers to 
establish and nurture an environment conducive to learning mathematics through the 
decisions they make, the conversations they orchestrate, and the physical setting they 
create. In addition, according to the standard of communication, “Instructional programs 
from pre-kindergarten through grade 12 should enable all students to…communicate their 
mathematical thinking coherently and clearly to peers, teachers, and others” and students 
need to learn “what is acceptable as evidence in mathematics” (NCTM 2000, p. 60). In 
this study the researcher was working to create this physical setting, while refining 
learning in a problem solving atmosphere and understanding what was acceptable and 
what was not. 
The focus of this study is in alignment with both state and national standards that 
call for more conceptual learning and understanding in mathematics. In today’s 
classrooms teachers need to develop new and innovative ways to improve student 
learning. Johnson (2006) defines conceptual understanding as comprehension of 
mathematical concepts, operations, and relations. According to Pourdavood (2003), 
rather than memorizing inflexible procedures provided by a teacher or textbook, students 
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seem to learn best by constructing their own mathematics. In addition, in a pedagogical 
problem-solving context, students are given opportunities to design, plan, evaluate, 
recommend, review, critique, explain, and make situations problematic. Problem solving 
engages students in the development of their conceptual understanding of mathematics 
and is a process through which mathematics becomes meaningful and relevant (Johnson, 
2003).  
To become effective problem-solvers, students should engage in mathematics 
beyond the superficial level of rote learning. According to Marrone (2004) “social 
constructivist theories of learning call for students to be active participants in their own 
learning” (p. 20). These theories also call for teachers to design activities that facilitate 
students’ development of knowledge by involving the students in conversation that 
stretches their current boundaries. Johnson (2006) states, “A well-conceived lesson plan 
can clarify all of these and lay a foundation for a class lesson in which students learn 
meaningful and engaging mathematics” (p. 60). Through participation in dialogic 
interactions, children observe, experience, try out, and eventually internalize various 
“psychological tools” that advance their cognitive development to higher levels 
(Vygotsky, 1982). Conceptual understanding reveals itself in students in ways such as a 
student’s ability to explain and justify why particular relationships hold in a problem and 
why certain operations or procedures are used in a problem.  
Mathematics teachers develop and maintain the mathematical and pedagogical 
knowledge they need to teach their students well. In addition, NCTM explains effective 
teaching as observing students, listening carefully to their ideas and explanations, having 
mathematical goals, and using the information to make instructional decisions. Research 
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has clearly found that not all students learn the same way; few students find the same 
approaches in mathematics persuasive, and few students benefit from a single approach 
to mathematical concepts or processes (Johnson, 2006). Teachers' actions are what 
encourage students to think, question, solve problems, and discuss their ideas, strategies, 
and solutions. The teacher is responsible for creating an intellectual environment where 
serious mathematical thinking is the norm (NCTM, 2000).  
The literature supports that through students communicating in a classroom they 
learn from one another’s explanations helping them gain a better understanding of 
mathematical concepts. According to NCTM (1989), “Emphasizing communication in a 
mathematics class helps shift the classroom from an environment in which students are 
totally dependent on the teacher to one in which students assume more responsibility for 
validating their own thinking” (p. 79). Bicknell (1999) stresses that discussion, amongst 
students and with a teacher, provides the student with opportunities for social interaction, 
and for shared understandings to be negotiated and developed. Current inquiry into the 
practice of mathematics concludes there is not one mathematical practice, one way of 
understanding mathematics, one way of thinking about mathematics, or one way of 
working in mathematics (Burton, 1999). To increase mathematical academic 
performance, NCTM has outlined four standards that underlie all mathematical skills and 
concepts: problem solving, reasoning, communicating, and connecting. These standards 
are intertwined and overlap one another through the problem solving process in this 
study.  
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Definitions 
In this study the following terms were used as they pertain to mathematics as 
defined by the action researcher: 
AVID: Advancement Via Individual Determination (AVID) is a program 
designed to help underachieving middle and high school students prepare for and succeed 
in colleges and universities. (AVID Website). Students in the program commit 
themselves to improvement and preparation for college. 
Communities: A classroom where the teacher and students are working and 
learning together. A place where students ask questions, develop and share their own 
mathematical thinking, work in small groups and listen to one another describing the 
process they went through to solve a problem. 
Communication: Students may use verbal language to communicate their 
thoughts, extend thinking, and understand mathematical concepts. They may also use 
written language to explain, reason, and process their thinking of mathematical concepts. 
Communication is a tool, which can help students to form questions or ideas about 
concepts (Hatano and Inagaki 1991). 
Concepts: The understanding of basic mathematical skills involving 
measurement, classification, conservation, ordering and one-to-one correspondence, the 
transition from purely manipulative to rigorous mathematics and having innate number 
sense. 
Connections: The ability to understand how mathematical ideas interconnect and 
build on one another to produce a coherent whole. 
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Constructivism: How one learns to construct their own knowledge, which is tied 
to the exposure to new experiences. 
Group Work: A balance of students in a small group context working on an 
activity or problem together. Generally, students are given certain tasks to do, but for this 
study, it only involves small groups of students working together to discuss and solve a 
problem. 
Discourse: A general term for a number of approaches to analyzing written, 
spoken or signed language use. It refers to the ways of representing, thinking, talking, 
questioning, agreeing and disagreeing during problem solving and classroom discussions. 
Explanation: The process one goes through to solve a problem and then explains 
to step by step what he did to solve or workout the problem. 
Exceptional Student Education (ESE): Refers to any student with a learning 
impairment or disability, exceptional education where students learn differently. 
English Speaking Students of Other Languages (ESOL): English Speaking 
Students of Other Languages 
Inquiry: Active participation in authentic practice of mathematics where 
discussion takes place. It includes the behaviors involved in the struggles for reasonable 
explanations of what we are curious about learning. It involves the observation of 
patterns, testing of conjectures and estimation of results. 
Justification: To develop a strategy to explain the solution, to develop a logical 
conclusion, to compare and contrast inductive and deductive reasoning approaches to 
justify conjectures and solve problems. The “why” explained mathematically. 
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Modeling: Clearly demonstrate the relevance of target mathematics 
concept/skill/strategy to the authentic context. Provide students with the opportunity to 
practice the target mathematics concept/skill/strategy within authentic contexts while 
monitoring students as they practice, providing them specific corrective feedback. 
Precision: Precision is the use of terms and symbols, consistent with 
mathematical definitions, in ways appropriate for students at particular grade levels. 
Problem Solving: Problem solving is the application of previously learned fact 
and computation skills within some organized framework of thinking in order to 
understand some previously unknown situation. It is a process through which 
mathematics becomes meaningful and relevant (Johnson, 2003). 
Pedagogy: The term generally refers to strategies of instruction, or a style of 
instruction referred to as the correct use of teaching strategies harbored and governed by 
the pupil's background knowledge and experiences, personal situations, and environment, 
as well as learning goals set by the student and teacher. 
Socio-mathematical norms: A set of mathematical rules that are specific to the 
field of mathematics, such as to what constitutes a proof. 
Standards: Standards are descriptions of what mathematics instruction should 
enable students to know and do. They specify the understanding, knowledge, and skills 
that students should acquire from pre-kindergarten through grade 12. (NCTM) 
Overview of the Study 
During this action research, the interactions of seventh grade pre-algebra students 
shared their explanation and justification processes for their work as it pertained to 
pedagogical intentions of the class. As the dialogue was occurring, the explanations and 
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justifications that emerged from the discussions were measured through students’ daily 
writing journals. Students also were administered a pre and post-test to determine growth 
in their written explanations and justification. 
Throughout the study the researcher attempted to develop an environment 
conducive to problem solving using dialogue with intentions of enriching students written 
explanations and justifications in mathematics. 
The students’ written work showed positive changes from the dialogue within the 
classroom. While the results are promising for the students in this classroom, this study 
represents only the findings of this teacher with this unique population of students 
currently in her pre-algebra class. 
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CHAPTER 2 LITERATURE REVIEW 
 
In this action research study, students in a seventh grade pre-algebra mathematics 
classroom interacted and shared their explanations and justifications for problem solving 
in mathematics. Changes were measured through students’ written products. The 
theoretical framework for this study was based upon a recommendation from NCTM that, 
“Emphasizing communication in a mathematics class helps shift the classroom from an 
environment in which students are totally dependent on the teacher to one where students 
assume more responsibility for validating their own thinking” (p. 79). The emphasis in 
the current literature on students communicating to increase their mathematical 
understanding provided the foundation for this action-research study. This chapter 
provides a review of the literature on the relationship of problem solving to students’ 
written explanations and justifications and the importance of creating a climate for 
communication in mathematics’ classrooms. 
Problem Solving and Students’ Written Explanations and Justifications 
Mathematics teaching and learning has moved away from a mechanical view, to 
one with an emphasis on problem solving, understanding and communicating with others. 
Spikell (1993) sums it up as students today have a need and desire for practical 
mathematics. Therefore, mathematical instruction needs to be relevant to students’ daily 
lives. The nature of traditional mathematics teaching and learning, based on customary 
rules and algorithms taught by rote skills and learned through practice and memorization 
should be a practice of the past (NCTM, 2000). Today, research shows that to learn 
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mathematics, students must be engaged in exploring, conjecturing, and thinking rather 
than, engaged only in rote learning of rules and procedures (NCTM, 2000). 
At the core of today’s classroom, is problem-solving. Problem-solving as defined 
by Szetla (1992) is the process of confronting a novel situation, formulating connections 
between given facts, identifying the goal, and exploring possible strategies for reaching 
the goal. According to NCTM (1991), centering mathematics instruction on problem 
solving can help all students learn key concepts and skills within motivation contexts. 
Historically, problem solving and communication in mathematics was taught by rote 
memory, with very little engagement by the teacher of students (Pourdavood, 2003). The 
primary goals of mathematics are understanding and problem solving (Lester, 2003) 
which in the revised mathematics standards are a core principal to be taught in every 
classroom. 
Problem solving is the application of previously learned fact and computation 
skills within some organized framework of thinking in order to understand some 
previously unknown situation (Johnson, 2006). Most historical views of problem solving 
make a distinction between acquiring knowledge and applying knowledge. Applying 
knowledge through problem solving in different contexts is a primary goal of 
mathematics education. The core value of students being engaged in problem solving 
stems from studies that have shown students learn best when they are active rather than 
passive learners (Spikell, 1994). NCTM cited, “Good problems give students the chance 
to solidify and extend what they know and, when well chosen, can stimulate mathematics 
learning” (p. 52). Marrone (2004) states, “Social constructivist theories of learning call 
for students to be active participants in their own learning” (p. 20). Martinez (2001) 
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noted, “Problem solving, followed by students’ explanations rather than teacher 
explanations, allows a student to derive concepts actively from their work rather than 
passively from teacher or a textbook” (p. 119). Problem solving engages students in the 
development of their conceptual understanding of mathematics, a process through which 
mathematics becomes meaningful and relevant. Turner (2002) suggested that asking 
students to explain their mathematical understanding coveys the message that the teacher 
believes that learning is important and that all students can be successful. Stiff (1993) 
states, “Strengthening problem-solving and reasoning skills empowers students to handle 
real-life problems, which promotes a better understanding of mathematical skills and 
concepts” (p. 4). 
The NCTM also argued that problem solving should become “the focus” of 
mathematics in school (1989). According to NCTM, centering mathematics instruction 
on problem solving can help all students learn key concepts and skills within motivating 
contexts. According to Lawson (2000), a major aim of mathematics education is to devise 
ways of encouraging students to take more active roles in acquiring, experimenting with, 
and using the mathematical ideas and procedures that are included in the school 
curriculum. Lawson (2000) asks, “Instead of having students complete meaningless 
exercises and memorize what the teacher tells them, why not have students learn key 
mathematical ideas while solving interesting problems?” (p. 28) 
Changes in Practice  
This new approach to mathematics instruction in the 21st century, according to 
Boyer (1995) should include a shift from acquisition models of learning to student 
mathematical empowerment through life-long learning. “Empowering students 
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mathematically includes providing opportunities for students to develop their “abilities to 
explore, conjecture, and reason logically, as well as the ability to use a variety of 
mathematical methods effectively to solve non-routine problems” (NCTM, 1998 p. 5). 
However, with current mathematics practices in the United States in need of 
change, or reform, NCTM took a stance on improving mathematics for all students. Their 
vision was to produce a document, Principles and Standards for School Mathematics 
(2000), which would outline the expectations for a rigorous curriculum where all students 
would have access to rich and meaningful mathematical opportunities for conceptual 
understanding. For students to learn the mathematics necessary to compete in the 21st 
century, students need to become flexible and resourceful problem solvers, work in 
groups and communicate their ideas effectively. The NCTM has remained committed to 
the view that standards can play a leading role in guiding the improvement of 
mathematics education. “As an organization representing teachers of mathematics, 
NCTM shares with students, school leaders, and parents and other caregivers the 
responsibility to ensure that all students receive a high-quality mathematics education” 
(p. 4). 
In addition to the NCTM vision for a need for continued improvement of 
mathematics instruction, The 2003 Rand Study states, “The recent legislation entitled 
“No Child Left Behind” has committed the nation to ensuring that all children meet high 
standards of mathematical proficiency. As workplaces evolve, the mathematical ideas 
that students need on the job change, and people must be prepared to learn, analyze, and 
use mathematical ideas they have never encountered in school or used before” (Ball, 
2003).  
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As a part of retraining a workforce for today’s society, students need to learn the 
reasoning behind mathematics. This level of reasoning can be achieved through 
classroom interactions, as students propose mathematical ideas and conjectures, learn to 
evaluate their own thinking and that of others, and develop mathematical reasoning skills. 
Classroom discourse and social interaction can be used to promote the recognition of 
connections among ideas and the reorganization of knowledge (NCTM 2000). In 
addition, procedural fluency and conceptual understanding can be developed through 
problem solving activities centered on student communication. 
This change in the way students learn mathematics may show a shift from 
emphasis on rules and routine problem solving dominated by teacher talk and passive 
learning, to active student participation, in which reasoning and communication are 
stressed. Heibert (1999) concludes that we have quite a traditional way of teaching 
mathematics, which places the emphasis on teaching and computation procedures and 
places little attention to helping students develop conceptual ideas. Therefore, problem 
solving should be a part of all aspects of mathematics activity, because being 
mathematically literate means being a good problem solver (Heibert 1999).  
Classroom-based Research 
Research studies on problem solving have been conducted. Lubiensky (2000) 
reported results of a study after examining 30 seventh-grade students’ experiences with a 
problem–centered curriculum involving learning mathematics through problem solving 
and discourse. This study was conducted in a socio-economically diverse school located 
in a medium-sized Midwestern city. The study compared the problem solving growth of 
students defined as slow learners and students defined as regular learners based on their 
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economic background. Most of the problem solving activities stemmed from the CMP 
project; a middle school curriculum-development project funded by the National Science 
Foundation to create problem-centered materials aligned with NCTM Standards. The 
curriculum was organized around rich problem settings. Writing prompts were added to 
the project, which helped students as they summarized their mathematics units. The 
teacher launched the problem and facilitated the class as the students explored the 
problem and summarized their solutions. Each lesson was follow by class discussion. 
 To gather data, the teacher conducted interviews with the students, observed 
student class work and homework, read journal entries, and analyzed audio recordings to 
compare participation from the students during whole class discussions. While the results 
did not show significant growth in basic skills for the students at the lower achievement 
levels, the researcher did demonstrate positive results related to problem solving. 
Lubiensky reported the apathetic students became engaged in problem exploration. The 
study showed that students had an appreciation of the open problems in relation to more 
computation-oriented curricula. Lubiensky noted that the average students preferred the 
problem-solving curriculum compared to the traditional mathematics lesson. In addition, 
from the interviews, she found that in the past students of lower economic backgrounds 
generally received rote instruction and became followers whereas students with average 
economic backgrounds were actively involved in problem solving and became leaders. In 
most cases, economics were tied to the student’s prior achievement levels.  
Similarly, Bottge (2001) reported positive results from a study involving 75 
eighth-grade students from different learning levels, as defined by prior standardized test 
scores, in a rich problem-solving environment in the upper Midwest. The students were 
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either in a remedial mathematics class or one of the three pre-algebra classes involved in 
the study. The purpose of the study was to compare the performance of a remedial class 
to the general class as concepts emerged from the instructional settings. Determining 
whether students with low achievement in mathematics could match the performance of 
students in pre-algebra classes on problem-solving curricula aligned to NCTM standards 
for middle school was the secondary goal. Video instruction and teacher led instruction 
with problem solving, group work and discussions took place.  
Students were assessed before and after the study began on both computation and 
problem solving skills. The testing involved a WRAT-III Arithmetic Subtest, a Problem 
Solving Test, and a Maintenance Test. Students’ interviews were audio taped and 
analyzed. Field notes and classroom video were compared. 
The findings of this study supported engaging students in challenging and 
meaningful problems through problem solving as the post-test showed growth in this 
area. The students from the low-achieving class scored as well as the average students 
and won several of the competitive events involving car racing. In addition, several of the 
low-achieving students’ classroom grades moved from the “D” level to the “A” level 
from the beginning to the conclusion of the problem-solving unit. The challenges 
sustained the interest of the students just as Dewey suggested it would. Students’ 
conversations revealed that students used math as a tool for solving problems that 
interested them. The findings of this study support engaging students in challenging and 
meaningful problems. 
In both studies the researchers found that in a pedagogical problem-solving 
context, students are given opportunities to design, plan, evaluate, recommend, review, 
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critique, explain, and make situations problematic. According to Forman (2000) these 
pedagogical problem-solving contexts may motivate students to link meaning with 
mathematics. Supporting mathematics problem solving contexts are approaches to 
teaching that encourage risk-taking in a supportive environment. Problem solving is the 
central goal of the mathematics curriculum, and word problems make up an important 
part of this goal (Bebout, 1993). 
Lester (2003) noted that students need to understand that answers alone are not 
sufficient. A significant part of understanding mathematics comes from an analysis of the 
thinking that went into a solution. The connection between solving problems and 
deepening understanding is symbiotic. Teachers want students to be able to solve 
problems in mathematics and in the real world.  
Because students’ opportunities to develop mathematical proficiency are shaped 
within classrooms through their interaction with teachers and specific content and 
materials, the RAND Mathematics Study Panel selected mathematical thinking and 
problem solving as one of the three domains in which proficiency and equity can be 
achieved (Ball, 2003). The ultimate goal in mathematics is to create an environment in 
which students can grow as problem solvers. Good problem solvers regularly monitor 
their thinking and are aware of when they should rethink the problem or switch strategies 
(Roberts & Tayeh, 2006). Through problem solving, students can experience the power 
and utility of mathematics. According to NCTM (2000), “Problem solving is central to 
inquiry and application and should be interwoven throughout the mathematics curriculum 
to provide a context for learning and applying mathematical ideas” (p. 256). It is through 
problem solving all mathematical parts are tied together. Bruner (1986), a cognitive 
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psychologist, maintained, “We teach a subject not to teach little living libraries on the 
subject, but rather to get a student to think mathematically for himself…to take part in the 
process of knowledge-getting. Knowledge is a process not a product” (p. 72). And, 
according to Lester (2003), mathematics is certainly a discipline whose principal 
component is thinking. Knowing how to execute procedures does not ensure that students 
understand what they are doing. “Students develop, extend, and enrich their 
understandings by solving problems” (p. 53). 
Justification 
In many middle school mathematics classrooms, students are often asked to 
explain their understanding and reasoning of mathematical concepts. NCTM (2000) 
shares, “By developing ideas, exploring phenomena, justifying results, and using 
mathematical conjectures in all content areas and–with different expectations of 
sophistication-at all grade levels, students should see and expect that mathematics makes 
sense” (p. 56). Mathematical reasoning is fundamental to the learning of mathematics. 
When reasoning is effectively and routinely promoted and fostered in the classroom 
through justifying solutions, developing ideas, predicting results, or making sense of 
observed phenomena, students can develop a deeper understanding of mathematical 
ideas. As NCTM (2000) pointed out in the Principles and Standards, “Reasoning 
mathematically is a habit of mind, and like all habits, it must be developed through 
consistent use in many contexts” (p. 56). To improve understanding, students must take 
responsibility for sharing the results of their inquiries and for explaining and justifying 
their methods (Hiebert, 1996). 
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According to the Connected Mathematics Program (1995), “Students 
solve problems and in doing so they observe patterns and relationships; 
they conjecture, test, discuss, verbalize, and generalize these patterns and 
relationships. Through this process they discover the salient features of the 
pattern or relationship; construct understandings of concepts, processes, 
and relationships; develop a language to talk about the problem; and learn 
to integrate and discriminate among patterns and relationships” (p. 24). 
 
Allowing students to work in small groups fosters problem-solving skills as the 
groups lend themselves to opportunities for the students to explain and justify their 
thought processes by using quality, questioning techniques. Moreover, Mack (1990) 
states, “In such settings, procedural fluency and conceptual understanding can be 
developed through problem solving, reasoning, and argumentation” (p. 21). In addition, 
NCTM (2000) states, “Students can learn about reasoning through class discussion of 
claims that other students make” (p. 57). 
Marrone stated (2004), in learning through problem solving, students not only 
have more opportunity to express their ideas and justify their answers verbally, but also 
have more opportunity to pose and respond to cognitively demanding questions. In 
addition, rather than memorizing inflexible procedures provided by a teacher or textbook, 
students seem to learn best by constructing their own mathematics (Pourdavood, 2003). 
In the Rand Study of 2003, the panel found that mathematical justification involves 
reasoning that is more general than what we typically call “proof” (p. 38). The Rand 
Study (2003) describes the importance of the justification process. The study states that 
new curricula and standards have paid more attention to processes such as problem 
solving and justifying. Justification centers on how mathematical knowledge is certified 
and established as “knowledge”. The study also mentions that justification is a practice 
supported by both intellectual tools and mental “habits” (p. 37). In addition, one of the 
 18
strands of proficiency, as outlined by Kilpatrick (2001) stated a student must have the 
capacity for logical thought, reflection, explanation and justification to be mathematically 
proficient. (Kilpatrick, Swaddord & Findell, 2001, RAND 2003).  
We look for problems that stimulate discussion, require students to justify their 
answers, and are accessible for students at different stages in their development as 
problem solvers (Roberts, 2007). The focus on explanation and justification illuminates 
the necessity for argumentation in the classroom (Pourdavood, 2003). Students should 
discuss their reasoning on a regular basis with the teacher and with one another, 
explaining the basis for their conjectures and the rationale for their mathematical 
assertions. Wheatley (1997) stated, “The difference between good and poor problem 
solvers is often the extent to which they use imagery” (p. 295). 
Written Language 
Writing in mathematics also can help students consolidate their thinking because 
it requires them to reflect on their work and clarify their thoughts about the ideas 
developed in the lesson. Johanning (2000) added that writing allows students to view the 
concept or problem in a new perspective since they must understand each step of their 
thinking. Writing also provides teachers with a “window” of student thinking and 
understanding, addressing the “what” and “why” of their misconceptions (Pugalee, 
2005). Journals can be very helpful in getting reluctant students to participate in class as 
described in research conducted by Reilly (2007).  
Langston (1997) reported in her study on how students displayed their 
communication and thinking in mathematics through learning logs. The study took place 
with two seventh-grade classrooms over a two-year span. Most of the students were from 
 19
military families and were grouped heterogeneously which represented a similar 
population of the small, 300 student populated school. One of the two classes sat in 
straight rows and was taught in a traditional style while the second class sat in groups, 
collaborated their solutions with one another and wrote their solutions in learning logs.  
Over the two-year period, Langston collected data on the classes through teacher 
observation, field notes, student interviews, teacher projects, student work samples, 
learning logs and standardized tests. Final work was analyzed with respect to both written 
and pictorial forms of communication. The problems were designed to focus on 
conceptual knowledge. The results of the study showed huge differences in the 
conceptual development of the classes. The class that was taught with a traditional 
method had 24% of the students show conceptual understanding, as they tended to show 
procedures. In contrast, the class that wrote in learning logs showed 89% of the students 
demonstrated a depth of conceptual knowledge in mathematics through their written 
work and interviews.  
Roberts (2006) tells us that when students write about and reflect on their own 
thinking, it makes a significant impact on their ability to solve problems now and in the 
future. Encouraging students to write about their thinking can provide unique insight into 
the way students are thinking about the mathematics they are investigating. The 
Curriculum and Evaluation Standards for School Mathematics, published in 1989 by 
NCTM, placed an emphasis on the importance of communication for learning and doing 
mathematics. Writing is one way to achieve this valuable communication in the 
classroom. NCTM (2000) states, “Writing in mathematics can also help students 
consolidate their thinking because it requires them to reflect on their own work and 
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clarify their thoughts about ideas developed in the lesson” (p. 61). Steele (2007) says, 
asking students to write provides a way for teachers to understand the depth of their 
knowledge. Students benefit through writing by actively engaging in the process of 
clarifying and critically reflecting on their thoughts and developing deeper understanding 
of the topic or concept, which enhances students’ ability to effectively solve various 
problems, they encounter in mathematics (Pugalee, 2005). 
Research conducted by Klishis (2003) investigated the relationship between 
instructional strategies and student understanding in mathematics. Specifically, the study 
explored whether the combination of journal writing and discourse were effective 
instructional strategies to improve student achievement in mathematics. The study 
consisted of 39 fifth grade students who were part of a total population of 79 students in 
three intact classrooms. All students received traditional mathematics instruction that 
differed only in the inclusion of writing or writing and discourse in each of the 
classrooms. 
Achievement was measured by three comprehensive tests, as this was the only 
consistent instrument used in all three classrooms. Results suggested a major 
performance advantage for the journal discourse group as demonstrated by their higher 
test scores on the post-test. The study also showed that while the journal-writing group 
performed better on the tests, the journal writing responses lacked substantial elaboration. 
More research was needed to see if the lack of elaboration was due to insufficient 
modeling that the students only engaged in discourse and writing twice a week.  
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Creating a Climate for Communication in Mathematics 
“Learning to think mathematically is essential in the world in which we live and 
will be even more important in the world where our student will work” (Santiago & 
Spanos, 1993 p. 134). By explaining and justifying ideas, students are able to make new 
connections that form a mathematics community focused on the development of 
mathematical ideas (Cassel, 2002). According to Johnson (2006) Middle school students, 
by their very nature, need to explore, analyze, create, discover prove, and disprove 
conjectures. They need to discuss, explore, and participate in the construction of the 
rules.  
Yackel and Cobb (1996) suggest that social norms for genuine problem solving 
include expecting students to be able to do four things: (1) explain and justify solutions, 
(2) attempt to make sense of explanations, (3) agree and disagree, and (4) ask clarifying 
questions in situations that need to be better understood. The mathematics teacher should 
strive to establish a communication-rich classroom in which students are encouraged to 
share their ideas and seeks successful clarification. Teachers who do not share the 
responsibility for classroom explanations may be shortchanging students by not allowing 
them the experience that comes with equitable classroom discussions. NCTM (2000) 
wrote, “In such a classroom community, communication is central to teaching and 
learning mathematics and to assessing student’s knowledge” (p. 271). According to 
Willoughby (1990), communication is, and always has been, an important part of 
mathematical problem solving. Classroom communication can take on several faces. 
Communication may be oral, written, or it may take other forms such as building a model 
or drawing a picture. Communication takes place when students work together in a non-
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risk environment. Each of these forms allows students to think through problems, 
formulate explanations, and explain and justify their solutions, which are important 
reasoning skills as well as communication processes. However, according to NCTM 
(1989), “Emphasizing communication in a mathematics class helps shift the classroom 
from an environment in which students are totally dependent on the teacher to one in 
which students assume more responsibility for validating their own thinking” (p. 79). 
Vygotsky (1982) says that through participation in these dialogic interactions, children 
have the opportunities to observe, experience, try out, and eventually internalize various 
“psychological tools” that advance their cognitive development to higher levels. The 
connection between students’ ownership of mathematics and classroom communication 
is the teacher. 
 
Shaughnessy (1994) showed the results of a study conducted in a school district 
of Portland on verbal and written forms of communication. There were 18 middle schools 
in the district, all serving sixth, seventh and eighth graders involved in the study. 
Teachers repeatedly stated that they valued the students' thinking and their ability to 
explain their thinking. Teachers made a point of not asking students to state the correct 
answer. Instead, the teachers constantly requested that students communicate the process 
they used to solve the problems. Each student’s journal included written explanations of 
problem solving and documentation of times that students explained their thinking to 
other students. The data showed there were significant improvements in three areas: 
student abilities in problem solving, student placement into high school courses, and 
student beliefs about mathematics. Data was compiled from a citywide math test given in 
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the spring to place eighth grade students into general math, pre-algebra and algebra 
classes in high school. The percentage of students scoring high enough for placement in 
the more challenging courses showed a dramatic increase. 
Studies of classroom discourse provide important information regarding the 
presence and development of dialogic exchanges in a classroom. Similarly, Liotta (2002) 
conducted a research study on assessing students through communication in problem 
solving activities in a sixth grade classroom. The students’ scores showed significant 
improvement from the pre-test to the post-test in communication along with an 
improvement in attitudes towards mathematics. 
Studies also describe specific methodological strategies and technological tools 
useful to capturing and representing important aspects of naturally occurring discourse. 
Establishing and maintaining an environment that is conducive to learning is a priority. 
Stiff states (1993), “The importance that teachers place on student discourse is connected 
to the quality of student-teacher interpersonal communications” (p. 4). Instead of 
managing to keep students quiet and attentive to the teacher, a classroom might be 
managed to enable students to talk with one another and utilize collaborative learning 
strategies, (Lorsbach, 2006). Legitimate student participation in mathematical discussions 
requires that the student first learn how to use the language of classroom discourse 
(Zevenbergen, 2000). The difficulty of assessing complex processes necessary for 
problem solving is exacerbated by the failure of students to communicate clearly what 
they have done or what they are thinking.  
According to Palincsar (2002), the conversations that take place during classroom 
discussions provide the means to enhance higher-order-thinking. These research 
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outcomes call for teachers to design activities that facilitate students’ development of 
knowledge by involving the students in conversations that stretch the boundaries of their 
knowledge. Communication is an essential part of mathematics and mathematics 
education through sharing ideas and clarifying understanding. Out of communication 
come ideas, which become objects of reflection, refinement, discussion, and amendment. 
The communication process also helps build meaning and permanence for ideas and 
makes them public. NCTM, (2000) states, “When students are challenged to think and 
reason about mathematics and to communicate the results of their thinking to others 
orally or in writing, they learn to be clear and convincing” (p. 60). Communicating is a 
broad goal in mathematics learning that provides the means to develop and share 
understanding. 
Teachers should analyze their processes and get students to communicate their 
thinking. (Szetela, & Nicol, 1992). Discussion, among students and with a teacher, 
provides for opportunities for social interaction and for shared understandings to be 
developed (Bicknell 1999). Rubentein (2007) suggests communication improves when 
mathematical vocabulary develops through cooperative learning, using journal writing 
and implementing open-ended assessments that require explanations and justifications. 
Ball (2005) states that mathematics is communicated by means of a powerful language 
whose vocabulary must be learned. The ability to reason about and justify mathematical 
statements is fundamental, as is the ability to use terms and notations with appropriate 
degrees of precision. The National Board for Professional Teaching Standards’ Ways of 
Thinking Mathematically standard for adolescence and young adulthood (National Board 
for Professional Teaching Standards, 2004) asserts, “Accomplished mathematics teachers 
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develop students’ abilities….to justify and communicate their conclusions, and to 
question and extend those conclusions.”  
Communication through Group Work 
Researchers have studied peer-based learning approaches and established that 
working collaboratively with others can increase academic performance (Slavin, 1990). 
Student collaboration in a dialogic problem-solving process, aids in the development of 
critical thinking through discussion, clarification of ideas, and evaluation of others’ ideas 
(Gokhale, 1995). Maher and Martino (1996) state, “When students are allowed to work 
collaboratively in groups and offer “proof and justification” for their answers, disparate 
and distinct structures of knowledge interact and eventually become integrated” (p. 197). 
Glasser (1993) wrote, “When students help each other, whether they do it informally as 
members of a small working group or as teaching assistants, they learn far more than if 
they just do their own work and do not teach or help others” (p. 99).  
Instead of managing to keep students quiet and attentive to the teacher, a 
classroom might be managed to enable students to talk with one another and utilize 
collaborative learning strategies, (Lorsbach, 2006). Allowing students to work in small 
groups often is a very effective approach to ensuring that the discourse contributes to the 
mathematics learning of the group members. These groups must provide opportunities for 
the students to explain and justify their thought processes by using quality, questioning 
techniques as research shows. During group work, the students are responsible for 
analyzing the problem, proposing possible solutions, deciding what additional 
information to obtain and revising the group’s solution.  
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Student collaboration provides an opportunity to observe how students learn. 
They need to talk, read, write, and explain to others in order to reach understandings. 
Cooperative groups provide students a chance to exchange ideas, to ask questions freely, 
to explain to one another, to clarify ideas in meaningful ways and to express feelings 
about their learning. Powell (1998) reminds educators that student interaction makes 
cooperative learning powerful. To accomplish their group's task, students must exchange 
ideas, make plans and propose solutions. Thinking through an idea and presenting it in a 
way that can be understood by others is intellectual work and will promote intellectual 
growth. The exchange of alternative ideas and viewpoints enhances that growth and 
stimulates broader thinking. It is the teacher's job to encourage such exchanges and 
structure the students' work so their communication is on-task and productive. 
There is no one "right way" to develop cooperative learning. Teachers must 
choose models and methods that match their particular teaching styles, students, and 
lesson content on the classroom. NCTM (2000) recommends that students be provided 
opportunities to work together cooperatively in large and small groups on significant 
problems-problems that arise out of their experiences and frames of reference. Students 
should question, discuss, make mistakes, listen to the ideas of others, provide 
constructive criticism and summarize discoveries. 
Problem Solving  
NCTM (2000) concludes, “Problem solving…can serve as a vehicle for 
learning new mathematical ideas and skills….A problem-centered 
approach to teaching mathematics uses interesting and well-selected 
problems to launch mathematical lessons and engage students. In this way, 
new ideas, techniques, and mathematical relationships emerge and become 
the focus of discussion. Good problems can inspire the exploration of 
important mathematical ideas, nurture persistence, and reinforce the need 
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to understand and use various strategies, mathematical properties, and 
relationships” (p. 182).  
 
According to Lester (2003), the key to fostering understanding is engaging 
students in trying to make sense of problematic tasks in which the mathematics to be 
learned is embedded. An essential ingredient of teaching mathematics through problem 
solving is “listening” to students as they do mathematics (Yackel 1996). In addition, 
Lester (2003) states, “Teaching mathematics through problem solving involves 
substantive changes in the nature of classroom activity and discussion, as well as changes 
in what is expected of both students and teachers, teachers should establish and sustain a 
risk-free classroom environment in which students’ reasoning, not just answers, is 
valued” (p. xiv). 
To be able to solve problems, one must have deep, conceptual understanding of 
the mathematics involved. If students are to learn to make conjectures, experiment with 
various approaches to solving problems, construct mathematical arguments and respond 
to others' arguments, then creating an environment that fosters these kinds of activities is 
essential. Mathematical thinking and reasoning skills, including making conjectures and 
developing sound deductive arguments, are important because they serve as a basis for 
developing new insights and promoting further study.  
NCTM (2000), “Students should have frequent opportunities to formulate, 
grapple with, and solve complex problems that require a significant amount of effort and 
should then be encouraged to reflect on their thinking. Good problems give students the 
chance to solidify and extend what they know and, when well chosen, can stimulate 
mathematics learning” (p.52). “In the middle-grades mathematics classroom, young 
adolescents should regularly engage in thoughtful activity tied to their emerging 
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capabilities of finding and imposing structure, conjecturing and verifying, thinking 
hypothetically, comprehending cause and effect, and abstracting and generalizing” (p. 
211).  
Summary 
In conclusion, there is an abundance of research that supports problem solving as 
a tool to help students as they engage in explaining and justifying mathematical thinking. 
In addition, studies show that students’ communication also impacts this process. 
The researcher intended to promote explanations and justifications through 
problem solving and communication in a seventh grade pre-algebra course. Chapter three 
provides the methodology used to develop a classroom community rich in dialogue and 
the impact of this structure on the written explanation and justification of these students. 
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CHAPTER 3 METHODOLOGY 
 
The purpose of this study was to investigate how the use of verbal and written 
explanations and justifications in a seventh grade pre-algebra class impacted student 
outcomes. The researcher focused on the following questions.  
1. How can problem solving enhance students’ written explanations and 
justifications in mathematics?  
2. How did students’ communication in a problem-solving climate impact their 
written explanations and justifications in mathematics?  
These research questions were analyzed through an action research project used a 
mixed-methods design. Data were collected from teacher observations, daily journals, 
audio recordings and pre/post test. Daily journals were scored using a validated rubric to 
determine growth in written explanations and justifications. Data were triangulated from 
audio recordings, observations and pre-post tests to provide a summary if the impact of 
the action-research study on students’ written explanations and justifications in 
mathematics.  
School Setting 
This middle school is located on the east side of a large urban school district in 
Florida. The school belongs to the 11th largest public school district in the nation and is 
within the 3rd largest public school district in the state of Florida. The school is located in 
a middle/low socioeconomic area with a 31% mobility rate. Free and reduced lunch is 
offered to 71.6 % of the students. Of the 1150 students at the school, 25.4 % are speakers 
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of other languages (ESOL), 4.7% are enrolled in the gifted program, and 32.5% have 
disabilities (ESE). The school has a principal, two assistant principals, and two deans. 
Each grade level has a grade-level counselor. The school has one police resource officer 
and a SAFE coordinator (a staff member the students can confide in for personal 
problems, home troubles, or money issues). The students have a variety of electives to 
choose from to enhance their academic performance. The students with low reading 
scores, as denoted by the yearly state achievement test, take a reading class as one of their 
electives.  
This year, the staff in this school moved into a brand new, three-story building, 
which has the latest technology as well as all new classroom structures. This technology 
allowed students the best learning environment the school district had to offer. All of the 
students in the ESOL program are taught either by an ESOL teacher or are on monitor, 
which allows the students to be in a regular classroom. ESE classes are taught through the 
inclusion, co-taught model where two teachers teach in the same class at the same time. 
One of the teachers is a regular content teacher and the other teacher specializes in 
special education. In the co-taught classes there are both regular education students and 
students who meet the qualifications to be in ESE classes. 
Classroom Setting 
The action research study was conducted with a diverse group of seventh grade, 
pre-algebra mathematics students who belong to the AVID program. AVID: 
Advancement Via Individual Determination (AVID) is a program designed to help 
underachieving middle and high school students prepare for and succeed in colleges and 
universities. Students in the program commit themselves to improvement and preparation 
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for college. These students were selected to be in the AVID program by the current 
AVID teachers and administrations after their applications were reviewed. The AVID 
program is a rigorous program designed to give average students the opportunity to see 
that college is a possibility. Most of these students come from families where their 
parents did not attend college.  
Though the students belonged to the AVID program, they were placed 
heterogeneously in the class. There were 4 boys and 14 girls. This diverse group of 
students consisted of 5 Caucasian, 9 Hispanic, 2 African American, and 2 students from 
other ethnic backgrounds, which reflects the traditional makeup of the school population. 
Three of the participants were above average and the remaining 15 participants consisted 
of average and below average ability (as denoted by scoring below the average mean on 
the state assessment). More than 50% of the class fell into the below average range. The 
ages of the students were twelve and thirteen year olds. None of the students in the group 
had been diagnosed as gifted or having a learning disability. Only three of the students 
fell into the ESOL category, but were serviced on a monitor status and received no 
additional help within their classes other than reading.  
Procedures 
After receiving Institutional Review Board (IRB) approval (see Appendix A) and 
principal approval (see Appendix B), the researcher sent home both the parent consent 
form, in English and Spanish (see Appendix C and D) and the student assent form (see 
Appendix E). Each student involved in the study returned both the parent consent form 
and the student assent form. During the open house, the teacher shared with the parents 
what the action research would entail and gained a working partnership and approval 
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before sending home the forms. While the school has a 31% mobility rate, none of the 
participants moved during this study. Only one student moved into the class during the 
middle of the first marking period. 
Instruments 
The following instruments were used to collect data related to each of the research 
questions. An overview of each instrument is provided along with how it was used and 
the reliability and validity of the data collection tool. 
Pre-Post Test: A 5-item test (see Appendix F and G) was used to measure student 
performance on solving problems before the action research study began and upon the 
conclusion of the nine-week period. The researcher developed the test in the following 
way. First, two of the problems were identified and matched to item formats in popular 
mathematics textbooks, which aligned with the state benchmarks the students used in 
class for the seventh grade curriculum. One problem was selected that required students 
to calculate and predict speed based on times and distances using prior mathematical 
knowledge and connecting concepts. One problem was selected to reach higher-level 
thinking of a concept not yet taught. Both of these concepts are a part of the pre-algebra 
benchmarks. The last question selected was a problem-solving question involving 
thinking rather than computational type skills. The items were validated based upon the 
textbook company and that they mirrored items from the state assessment. The teacher 
used expert opinion to select items she felt would reflect the purpose of the action 
research study. The reliability of data collection and scoring procedures was calculated 
with a score of .80 being acceptable. An independent rater was asked to rate 25% of the 
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items to ensure accuracy of data entry. Based on the work and explanations given by the 
students four points per question were given using the rubric in Appendix H.  
Rubric: When students wrote solutions to problems, they were assessed with a 
rubric (Appendix H) that focused on three areas: (1) mathematical knowledge, strategic 
knowledge, and (3) explanation (Illinois School Board of Education, 2005, p. 111). The 
rubric’s highest score was Score Level 4: (1) shows complete understanding of the 
problem’s mathematical concepts and principals, (2) uses appropriate mathematical 
terminology and notation including labeling answer if appropriate, (3) executes 
algorithms and computations completely, (4) identifies all important elements of the 
problem and shows complete understanding of the relationships among elements, (6) 
shows complete evidence of an appropriate strategy that would correctly solve the 
problem (7) gives a complete written explanation of the solution process; clearly explains 
what was done had why it was done, and (8) may include a diagram with a complete 
explanation of all its elements. The lowest ratings appeared on Score Level 0: (1) no 
answer, strategy or explanation attempted. Students understood that they had to explain 
their problem-solving approach and justify why that approach made sense. This rubric 
was used for all writings. Permission (see Appendix I) to use the rubric was granted by 
the School Board of Illinois who reported construct validity of the instrument to be used 
to assess the pre-post test and all journal entries. Another teacher of mathematics 
conducted reliability checks using the rubric finding that seventeen of the eighteen pre-
tests and post-tests had the same score. The grading difference of one test had a one-point 
difference. 
 34
Audio taping: The researcher used audio taping on three occasions to monitor 
teacher-questioning techniques, student communication, and to gain field notes of 
problem solving through the explanation and justification process. The teacher would ask 
the students to find a solution to a problem by asking “what is the problem asking us to 
find”, “what prior knowledge do we know that will aid us in solving this problem”, “who 
can explain how to find a solution to this problem”, “what can be added to the 
explanation to justify the solution”? Students were heard talking to one another and 
disagreeing with each other on how they were to work the problem.  
Daily Procedures 
Students involved in the research study completed a pre-test (see Appendix F) and 
post-test (see Appendix G) to determine their ability to solve problems through the 
explanation and justification process in written form and if any learning gains had been 
achieved related to the problem-solving process. Pre and Post-test measures of content 
knowledge were collected and given a score by comparing them to a pre-determined 
rubric (see Appendix H). The class observations and data collection lasted for nine 
weeks. The researcher decided to collect data on all students and triangulated the data 
from all instruments for 6 students: two low achieving, two high achieving and two 
average students as indicated by past performance on the state assessment to be discussed 
further in chapter 4.  
The observation instruments used were teacher observation, a pre-test and post-
test, and journal entries. The students were placed at tables, instead of desks, which is 
more conducive for working together. Students worked in small groups of three or four to 
collaborate with one another during the problem solving process. However, due to 
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absences, groups were often made up of two or three students, which may have altered 
the learning experiences as students sometimes, had to work with fewer members than 
other groups.  
The data collected from the pre and post-tests were compared and analyzed using 
the rubric in Appendix H to determine the amount of growth occurred in written 
explanations and justifications over the nine-week period. To triangulate any changes 
observed on the pre and post data from students’ daily journals were analyzed, to also 
validate changes in their written explanations and justifications. Students were given 15 
minutes daily to write in their journals and if they were not finished, written work was 
completed the written work was completed as homework. Any student absent the day the 
teacher collected the journal writing was responsible for completing the problem at home 
and returning for credit as with any other missed work due to absences. If the work was 
not turned in, a zero was placed in the grade book for the assignment. As always, students 
were allowed to turn in the missing assignment for partial credit. 
To validate the communication occurring in the classroom and to further enrich 
the triangulation of data collected from the writing process, classes were audio taped 
every three weeks. To assure the privacy and anonymity of the students no one listened to 
these tapes except the researcher. The tapes were used to see if the researcher was asking 
the number and level of probing questions needed to facilitate problem-solving and oral 
communication within the classroom and to observe specific information on the six target 
students that will be discussed in chapter 4. The researcher gathered anecdotal notes on 
the changes in all students with specific information documented on the six target 
students. 
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During the first marking period prior to the start of the study, students were given 
word problems to work on as a class each day as they entered the classroom. The students 
were encouraged to talk through the problems and to draw pictures of the problems to 
better see what the problem was asking. Then, the students were to talk about the 
problem with the other members at the table to see if together, an answer or solution to 
the problem could be found. This process was followed so the researcher could begin to 
teach the students how to work with each other as the students engaged in a discourse 
manner. Many of the students had come from previous classrooms as noted by the 
students where the students sat in straight rows and stated they were only allowed to talk 
during a project or playing a game of some sort. The researcher needed to model how 
discourse takes place. This process allowed the students to think through the problem and 
question each other. The researcher also wanted the students to get comfortable working 
together and feeling like the classroom was a non-risk environment.  
To stay consistent with the research study, a typical day in the action-research 
study consisted of the teacher following a daily routine as outlined in her lesson plans. 
The students entered the class, got out their journals, did the problem solving entry, 
discussed the solution, went over homework and then worked on the new mathematics 
instruction for the day using different instructional tools as needed for the new lesson. 
Each problem solving entry was done in groups so the students could communicate with 
one another until the solution was found.  
The researcher then began asking the students to orally explain the process of 
solving the problems and justifying why their solutions worked mathematically. This 
technique was used to teach the process of discourse. However, the researcher was unable 
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to ascertain the true depth of mathematical understanding from each student. The 
classroom discourse only allowed several students the opportunity to respond to each 
question until a solution was found. The researcher needed a better way to collect data on 
each student to ensure understanding of mathematical concepts took place. Thus began 
the journal writing where each student was responsible for explaining and justifying their 
mathematical solutions to all problems.  
The journals were for the students to write their explanations and justifications to 
the problems that were solved. As the researcher walked around the room, students would 
read the explanations to the class. Since there is not just one-way to solve a problem, the 
teacher asked for volunteers to read the written explanations if the solution or explanation 
was different. From the researchers expertise this was a positive outcome. As the students 
began explaining the solutions better, the researcher began the justification process by 
asking the students “why” the work was done the way it was explained. The class 
discussed what was said and pulled it together through oral communication and problem 
solving. The verbal information given to the teacher was demonstrated on the board for 
the visual learner to grasp. Depending on the skill, a manipulative was occasionally used 
to enhance the discourse process. The problem-solving process took 25 minutes of the 
class time each day. The remainder of class was spent going over homework and 
beginning instruction on another skill. 
Twice a week, on Tuesdays and Thursdays, the researcher collected the 
mathematics writing journals consisting of word problems to read and grade (see 
Appendix J). The grades assigned to each writing entry used a rubric (see Appendix H) 
chosen to objectively assess each student’s ability to explain and justify the work 
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alongside monitoring the growth of mathematical and strategic knowledge. The 
mathematics studied during the nine-week marking period was a mixture of the seventh 
grade and pre-algebra benchmarks as required by the school district and state 
requirements as shown in Table 1. The weeks are listed as weeks of instructional units 
and are not consecutive Monday-Friday weeks due to holidays, county level benchmark 
testing and other school events.  
The entire nine-week marking period is listed in the table to show what skills 
were taught each week. Each of these instructional units was taught during the second 
part of each instructional day, after the problem solving and journal writing took place. A 
mixture of traditional and contemporary instruction, where students actively constructed 
knowledge in contexts that they found meaningful and motivating, was incorporated into 
the second part of the class time. During instruction, the teacher used a variety of 
instructional tools and materials including the doc-cam, notes, discourse and 
manipulatives as needed to move the students from a concrete level into an abstract level.   
  
Table 1: Mathematical Content Covered During Study 
Week 1: Rational Numbers. Students reviewed adding, subtracting, multiplying 
and dividing fractions in real-world problems using both like and unlike denominators. 
Also, students wrote fractions as terminating or repeating decimals. 
 
Week 2: Ratio, Proportion and Percent. Students determined unit rates and solved 
proportions in real-world problems. 
 
Week 3: Ratio, Proportion and Percent. Students used percent proportion to solve 
problems. Also, students learned to find percent increase and decrease in real-world 
application. 
 
Week 4: Positive and Negative Exponents Using Scientific Notation. Students 
solved expressions using positive and negative exponents listing the answer as a fraction 
and a decimal. Students expressed numbers in both standard and in scientific notation 
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Week 5: Pythagorean Theorem. Students used the Pythagorean Theorem to find 
the length of a side or the hypotenuse of a right triangle 
 
Week 6: Area Formulas. Students used the formulas to find the area of a square, 
rectangle, triangle and trapezoid in real-world problems. 
 
Week 7: Area and Circumference. Students used the formulas for finding the area 
and circumference of a circle in real-world problems. 
 
Week 8: Volume. Students used the formulas for finding the volume of cylinders 
and prisms in real world-problems. 
 
Week 9: Surface Area. Students used the formulas for finding total surface area in 
cylinders and prisms in real-world problems. 
 
 
The teacher gave the students problems to solve, which primarily centered on the 
week of study as listed in Table 1. In addition to the problems the teacher graded the 
problem solving journals (see Appendix J) other problems were given to review prior 
benchmarks for the students to stay abreast of the previous taught skills through a 
spiraling effect. In other words, the students did not solve problems that only practiced 
the topic studied for the week. The teacher used problems for students to pull from prior 
mathematics knowledge as well as skills not yet learned. The problems given to the 
students incorporated the skills and concepts taught for the state assessment test while 
incorporating the explanation and justification process for problem solving.  
In addition to the class from which the data were being collected, consistency in 
lessons took place so all students would have the same educational opportunity in each 
class. The students entered the classroom, got out the needed tools, listened to the teacher 
explain or read the problem and then began the problem-solving process. When solutions 
were found, the students had to explain and justify the answers both in written and verbal 
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form even though their journal entries were not being scored for this data collection. 
Their grades were only to monitor student academic performance and to place grades in 
the grade book. Following this activity, homework was reviewed and graded, followed by 
a new skill if time permitted. The teacher would either teach the skill in a traditional 
setting or through a form of discovery using manipulatives as shown in Table 2. 
Table 2 outlines the marking period, grouped into three weeks of study at a time. 
These weeks were set-aside for the teacher to reevaluate what was happening in the 
classroom so audio taping could take place and for assessment purposes.  
 Table 2: Weekly Lesson Plans 
Opening Week: The teacher discussed discourse and the expectations of how the 
groups would work together in the problem-solving process. The students were 
rearranged to ensure groups of three or four students were seated at each table for 
equitable collaboration to take place. Students took a pre-test. 
 
Week One-Week Three: Class began each day with a problem to be solved. The 
teacher modeled explanations and used discourse to engage students in verbal 
communication. Students were encouraged to draw pictures of the problem and use the 
reference sheet if applicable. The teacher facilitated the classroom asking probing 
questions at each table. Whole class discussions took place after solutions were complete. 
Students were reminded to think through the problems and to listen to the other students 
in the group. Journals were collected on both Tuesday and Thursday for the teacher to 
grade. The teacher audiotaped one class discussion. A quiz was given once a week 
covering the weekly benchmarks. 
 
Week Four – Week Six: Class began each day with a problem to be solved. The 
teacher read the problems to the students. The teacher facilitated the classroom asking 
probing questions. Whole class discussions took place after solutions were complete. 
Students shared their solutions and the justification process was review and discussed. 
Students were instructed to listen for the justification and decide whether it was there or 
not. Journals were collected on both Tuesday and Thursday for the teacher to grade. The 
teacher audiotaped one class discussion. A quiz was given once a week covering the 
weekly benchmarks 
 
Week Seven–Week Nine: Justifications Emphasized at this interval due to the 
lack of the “why Class began each day with a problem to be solved. The teacher read the 
problems to the students. The teacher facilitated the classroom asking probing questions. 
Whole class discussions took place after solutions were complete. Students shared their 
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solutions and the justification process was review and discussed. Students were instructed 
to listen for the justification and decided whether it was there or not. Journals were 
collected on both Tuesday and Thursday for the teacher to grade. The teacher audiotaped 
one class discussion. A quiz was given once a week covering the weekly benchmark. 
 
Closing Week: Teacher discussed what had been observed over the last nine 
weeks. Students took a post-test. 
 
As shown in the table, each class period was delivered in a consistent format to 
keep all classes learning the same curriculum. The changes were related to the topic and 
what the teacher emphasized for the explanation and justification process. The first few 
weeks, students began the communication process and writing down solutions. Then, the 
teacher emphasized the explanation process by modeling examples of “what” was done to 
find the solution and had students discuss orally what they had done to find their 
solutions. When the students accomplished this part of the process, the teacher moved the 
emphasis on the justification process or the “why” it was done that way mathematically. 
These intervals allowed the students to pull it altogether to make the connections to solve 
the problems. In addition, this process gave the teacher the opportunity to address 
common mistakes students had made. 
Data Collection and Analysis 
Throughout the nine-week marking period, students were reminded to write in 
their journals and to provide explanations and justifications for their work verbally and in 
writing. On occasion, the researcher would notice students having conversations 
unrelated to mathematics and have to pull the students back to the problem at hand. After 
implementing lots of consistent instructions on what the teacher’s expectations were, the 
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groups began to work much better together through the collaboration and problem-
solving process.  
As time progressed, the researcher began to ask the class to listen for both the 
explanation and justification that each group presented. The students listened to the 
explanation and would discuss if the group had explained thoroughly what was done to 
solve the problem and ways to make it clearer. Then, the students would listen to the 
justification and see if it both existed and was complete. In many of the written solutions, 
the justification was missing. The teacher led students into discussions regarding the 
problems they had solved. When needed, the teacher allowed students to go to the board 
and show step-by-step how they had found their solution while they explained and 
justified their reasoning.  
Summary 
 In this action research study the teacher examined the impact of student 
communication related to explanations and justifications on students written outcomes in 
mathematics. Data were triangulated for six students using a pre-post test, journal 
writing, audio recordings and teacher field notes. The results for these six students as well 
as an overall discussion of the entire class are provided in chapter 4 as they relate to the 
explanation and justification process of mathematical problem solving.  
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CHAPTER 4 RESULTS 
 
The researcher investigated how the use of verbal and written explanations and 
justifications in her seventh grade pre-algebra class impacted student written outcomes in 
mathematics. The instruments used to address the action research questions were teacher 
observation, pre-test and post-test, journal writing and audio recordings. The researcher 
used each of these tools to reflect upon the following research questions throughout the 
study.  
1. How can problem solving enhance students’ written explanations and 
justifications in mathematics?  
2. How did students’ communication in a problem-solving climate impact their 
written explanations and justifications in mathematics?  
 
The first section of this chapter provides an overview of the instruments used for 
data collection. The second section discusses how these instruments related to each 
research question. The third section discusses the reliability and validity of the testing 
instruments with the fourth section providing a summary of the chapter. 
Research Instruments 
Teacher Observation 
During weeks one to nine, the researcher provided time for students to talk on a 
daily basis. As noted in chapter 3, a consistent structure was used daily to increase 
participation and improve the climate of the classroom. An overall theme from the 
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observation field notes was that the classroom appeared to provide a climate that 
supported and encouraged focused and productive dialogue amongst the students. As the 
students felt comfortable in the classroom, students were more engaged in the problem 
solving process and shared their solutions in a non-risk environment. Communication 
developed in both verbal and written form. Students actively engaged in conversations 
and helped each other. The students began to explain and justify their solutions as 
denoted in the field notes, audiotapes, the post-test and journal writing. 
Pre-Test and Post-Test 
A pre-test was administered at the beginning of the action research study 
consisting of five problems as described in chapter 3 (See Appendix F). The test 
contained two problems the teacher felt the students could answer using prior 
mathematical knowledge, one problem that showed conceptual knowledge as the marking 
period went by and one question the teacher thought the students could think through 
well enough to put down some information using a chart or at least provide a guess. The 
last question was a think type question used to assess all students, regardless of prior 
mathematical knowledge. The rationales for the selection of problems in this instrument 
are provided in chapter 3. 
 A Mathematics Scoring Rubric: A Guide to Scoring Extended-Response Items 
(See Appendix H) was used to score each of the five questions on the test as explained in 
chapter 3. The researcher found many of the questions on the pre-test were left blank by 
the students, had no explanation or showed a lacking of mathematical knowledge making 
the pre-test scores very low. 
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The eighteen students’ total class score for the pre-test was 51 points using the 
rubric. Since each student had the possibility of making 20 points per test, the 51 points 
was a low number out of the total 360 available points. After the nine week marking 
period was over, the teacher administered the post-test consisting of the same five 
problems. The total score derived from using the rubric to grade all eighteen students for 
the post-test was 114 points. These points reflected only seventeen out of the eighteen 
students, as one student did not take the post-test due to a series of absences.  
Table 3 provides an individual summary of each students’ increase in both rubric 
scores related to all writings as well as semester grades. See for Table 3 for student’s 
scores. The first column identifies each student using a letter of the alphabet. The second 
and third columns show the score on the pre and post-test followed by the positive or 
negative change. The fifth and sixth columns show the scores obtained on the first and 
last journal entries for the marking period followed by the seventh column showing the 
positive or negative change. The eighth and ninth columns show the grade increase or 
decrease from the first making period through the end on the second marking period. As 
shown in the rows per student, sixteen out of eighteen students made improvements on 
the post-test. 
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Table 3: Student Scores 
Student Pre-Test Post-Test Change First 
Journal
Last 
Journal
Change First 
Report 
Card
Second 
Report 
Card
Change
1-A 3 9 6 2 3 1 80 82
2-B 2 11 9 2 4 2 93 95
3-C 1 4 3 1 2 1 62 73 1
4-D 2 11 9 2 3 1 78 90 1
5-E 1 3 2 1 2 1 65 71 1
6-F 6 9 3 2 3 1 88 93
7-G 3 4 1 2 3 1 60 71 1
8-H 4 5 1 2 4 2 77 83
9-I 2 5 3 1 2 1 60 72 1
10-J 2 11 9 2 3 1 77 93 1
11-K 6 8 2 3 4 1 88 94
12-L 1 3 2 0 1 1 50 64 1
13-M 2 5 3 2 3 1 72 74
14-N 4 2 (- 2) 2 3 1 59 70 11%
15-O 3 4 1 2 3 1 70 80 1
16-P 4 10 6 2 4 2 61 75 1
17-Q 2 Did not 
Take
NA 1 3 2 85 67 (-18%)
18-R 3 10 7 2 4 2 87 75 (-1
Average  
or 
Change
2.8 6.7 3.9 1.7 2.9 1.2
2%
2%
1%
2%
6%
5%
1%
6%
2%
6%
6%
4%
2%
0%
4%
2%)
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Journal Writings 
The use of journal writings for this action research was not used as a reflection of 
the daily lessons, but a notebook to collect the daily word problems as part of the class 
work (See Appendix J). The journal provided the teacher with the data necessary to 
compare growth in the student’s ability to provide a written explanation of the solution 
process with a justification for the solution. As the nine-week period progressed, the 
researcher was able to see a growth in the explanation process. Information recorded in 
the journals was available for students to read and the teacher discussed it with the 
students individually as part of the instructional process of the class.  
The fifth and sixth columns of Table 3 showed the scored obtained on the first 
and last journal entries using the rubric for the marking period followed by the seventh 
column showing the positive or negative change. All students showed a growth in the 
journal writing based upon their rubric scores.  
Questioning through Audio Tapings 
The fourth instrument used in the data collection process was audio tapings of the 
questioning techniques used by the teacher. This instrument was used once every three 
weeks on three different occasions. From these tapes the researcher reviewed the tapes to 
determine if the six target students were increasing in their participation and if the 
researcher was providing a climate for verbal dialogue in the class discussions. Although 
no formal tool was used to analyze the data from reflection of the researcher, individual 
students level of participation did increase and the climate based on master level teacher 
reflection appeared to allow for rich mathematical dialogue. 
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Written Explanations and Justifications in Mathematics 
The outcomes related to problem solving were derived from triangulation of 
students’ pre/post test scores, daily journal entries and students’ verbal participation from 
observations and audiotapes. From the teacher observation field notes the gain in student 
learning was evident and reflected in the students’ discussion about solving mathematical 
problems. Table 3 shows where the students began the marking period and where they 
ended up at the end of the research project showing that all students but two increased in 
their rubric scores as well as their overall letter grades. The researcher, based on teaching 
expertise, felt the climate of the classroom was established to allow for discourse and 
problem solving through the teacher’s questioning, facilitation and engaging of students 
in verbal and written communication. During the communication process the students 
appeared to be able to use reasoning skills to facilitate their learning and conceptual 
growth as shown by an increase in their post-test results and journal entries. 
Three students in particular stood out to model the level of growth the researcher 
hoped to observe in this project as shown in the problem solving area. These students, as 
classified on the state assessment, ranged from the lowest level, considered “low 
performing students” to the above average level. These examples show growth for these 
three students in a problem-solving environment of discourse. Each of the examples 
provided show the students applying previously learned facts and computational skills 
along side procedural steps. These students attempted to explain each final solution, but 
there is no evidence of the justification process. While the pre-test and post-test data may 
not show individual growth for each of these students, the researcher provides the 
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following examples and reflects on the growth of each student based upon the research 
data.  
In Figure 1, Student C, an ESOL student on monitor, showed growth in 
understanding the problem’s mathematical concepts and the ability to write an 
explanation over the nine-week period of study. The researcher selected this work as a 
good example of problem solving strategies being used after the student provided 
procedures, a formula and a picture in the second problem showing growth in problem 
solving. This student also showed changes in verbal communication as shown from the 
audiotape recordings through frequent participation. 
In the first problem, the student was trying to solve a problem regarding the price 
of going horseback riding, The student saw three numbers and multiplied them together 
just using an algorithm. The student offered a minimal explanation, but failed to justify 
why the strategy was used. The second problem asked the student to find the height of a 
television without telling the student to use the Pythagorean Theorem. The problem gave 
the hypotenuse as the diagonal of the television and the student had to use the converse of 
the Pythagorean Theorem to answer the problem correctly. The evidence showed a 
complete understanding of the problem’s mathematical concepts and principles. The 
student executed algorithms and computations completely and correctly.  
In addition, the student showed evidence of using a strategy as shown in the 
picture drawn by the student. The student gave a written explanation of the solution 
process by explaining the steps used in problem solving. The student attempted to insert 
some terminology as shown with the words equation, square rooted and substituted. The 
researcher would have liked to see the student justify why the Pythagorean converse was 
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used, but felt the amount of growth in conceptual knowledge was shown. The researcher 
attributed this growth from one small algorithm to a picture and written explanation as a 
result of triangulation of the dialogue this student engaged in during class (as observed by 
the teacher and in the audiotapes) the weekly journal entries that supported the students 
writing their responses and that this student’s grade changed from a 62% to a 73% for the 
marking period. In addition, from the pre-test to the post-test the student earned three 
additional points on the rubric used for scoring. As the researcher scored the journal 
entries, the explanation and justification grew as shown in the chart by an increase in one 
point overall showing at least some growth over this nine-week study. 
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 Figure 1: Student Problem Solving  
In Figure 2, Student D, an average student, as identified by the state assessment 
test, showed growth in conceptual knowledge by making connections to both the real 
world and prior mathematical knowledge. The student used formulas, procedures and 
explanations in her problem solving techniques. 
 The student was to compare the volume of a can and a box on the pre-test. The 
first attempt, on the pre-test, showed no work from the student. The student wrote im not 
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sure of how to do this. However, after nine-weeks of problem solving activities, when the 
post-test was given, the student took time to write down the formulas to solve the 
problem, then showed the substitution process and accurately answered the problem. This 
written product showed evidence of using an appropriate strategy to solve the problem 
and connections were made. In addition to correctly executing the steps and computation, 
the student was able to explain what was done. The student failed to justify the written 
response, but was able to use correct terminology in naming the can as a cylinder. From 
triangulation of the data related to the increase in this student’s dialogue in class (as 
observed by the teacher and in the audiotapes), the increased scores on her rubric related 
to her weekly journal entries and that she earned a 78% the first marking period and had a 
grade of 90% at the end of the study. This student’s ability to problem-solve and justify 
her answers in writing did increase.  
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 Figure 2: Student Problem Solving 
In Figure 3, Student K, an above average student, as identified by the state 
assessment test, wrote only the word First followed by Jars = 25 cents on the pre-test. 
The student offered no written explanation nor showed any apparent strategy being used 
to obtain the cost of the jar of paint. Her response did not contain any algorithmic or 
computational notations. The solution left the teacher to believe that the answer was a 
good guess for one of the prices to be found or that the student didn’t feel comfortable 
writing and explaining her solution.  
When the student took the post-test, the student offered a written explanation that 
clearly demonstrated her use of the problem solving process that she went through to find 
a solution. The student identified most of the important elements of the problem and 
 54
showed a general understanding. In addition to the written explanation, the student 
showed understanding of the problem’s mathematical concepts and principles. However, 
there was a minor computational error in the final step in finding the cost of the jar. The 
student showed 2 jars at 50 cents and forgot to list one jar at 25 cents. This error allowed 
the student to use an incorrect substitution value, which then obtained an incorrect final 
answer. Had the student substituted the correct value, the cost of the brush would have 
been found to be $2.55, which was correct.  
The researcher believed the work showed an abundance of conceptual knowledge 
and growth, as the class had not learned about systems of equations. The researcher, from 
triangulation of data related to the student’s growth in dialogue (as observed by the 
teacher and in the audiotapes), weekly journal entries and increase in her overall grade to 
her growth in thinking and writing was able to show a richer explanation and justification 
on the post-test.  
The student was able to use all of the strategies learned during the marking period 
through the problem solving process including discourse and reasoning skills. The 
student’s grade improved from 88% to 94% during the course of the action research study 
and was clearly identified in review of the audiotapes as being able to converse 
mathematically in the class and worked with other students very well. Even though the 
student was a great student at the beginning of the year, the student’s depth of 
understanding grew as shown in the figure through the explanation process.  
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Figure 3: Student Problem Solving  
Related to the first research question, these three students all showed an increase 
in their use of terminology and classroom dialogue as well as academic performance. The 
lowest student began to draw visual images to explain her work, while the average 
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student began to use more appropriate terminology and the high achieving student 
provided richer explanations and justifications in her work. Although each student had 
unique changes overall, the method of problem solving provided in this classroom did 
appear to have a positive impact on these students written explanations and justifications.   
Communication in a Problem-Solving Climate 
The findings related to communication in this action-research project emerged 
from triangulation of audiotapes, journal writings and observations. A communication-
rich classroom is one in which students are encouraged to share their ideas and to seek 
clarification until they understand.  
The teacher spent most of first marking period getting the students comfortable 
working together and communicating about mathematics within the classroom. The 
establishment of socio-mathematical norms took much longer than the researcher thought 
it would. Creating a classroom were students felt comfortable in a non-risk environment 
was of utmost importance to build a foundation for this action research. 
To create the climate of the classroom to meet this objective, the teacher used 
hands-on activities, oral discussions, and informal assessments throughout the first 
marking period to actively engage students in classroom activities. While students were 
working, the teacher circulated around the room asking questions and getting to know the 
students on a more personal level. One of the informal assessments used during 
instruction allowed students the opportunity to work on small hand-held whiteboards the 
teacher had made for the class. Students would answer problems and hold the answer up 
in the air. This traditional type of assessment only captured the right or wrong answer, 
but gave students the opportunity to answer a problem quietly, holding up the answer 
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where no one but the teacher could assess, and know by the shake of the teacher’s head 
that the answer was correct or not. The action took place too quickly for students to know 
who was right and who was wrong. The teacher believed this activity aided in the climate 
of the classroom comfort zone. The development of such environment was documented 
in the teacher observation notes where the class climate changed and students started 
taking risks to talk about the mathematical process in both verbal and written form. 
Evidence of a communication rich classroom was evident in the structure of the 
classroom. The class began with a word problem on the board or doc cam each day. The 
climate of the classroom began each day with students actively engaging in 
communicating mathematically with one another and taking risks in front of their peers. 
The researcher observed more discourse taking place within the group settings as the 
nine-weeks progressed as evident from a review of the number of questions students 
asked of each other from the audiotapes. Over time, in each audiotape, students were 
discussing with each other more and explaining to one another how to solve problem 
independent of the teacher.  
Another data point that validated the richness of students communicating was 
from researcher observations. The researcher observed students raising hands, taking 
risks by answering more questions and completing more homework than during the first 
marking period. As the school year progressed, the students conversed with the teacher 
more, stopped by to say hello between classes, and appeared more comfortable talking to 
the teacher about issues. In addition, the influence of this dialogue was further validated 
in that grades improved from the first marking period to the second period.  
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The evidence of an increase in written dialogue clearly emerged in the final post-
test data. Examples of students increasing their communication in a mathematical 
community are best represented in the work of the following three students. The 
researcher selected these three students because they represented the mixed ability levels 
in the classroom (low, middle and high achievers based upon the state assessment). Also, 
these students in the audio recordings emerged as increasing their communication during 
group work and classroom discussions, which appears to have impacted their written 
justifications on the post-test.  
In Figure 4, Student I, a low performing student on the state assessment, wrote, I 
tried but IDK on the pre-test at the beginning of the marking period. There is no evidence 
of the student taking a risk at attempting to solve the problem with any computations, 
drawings or mathematical language being used. While the student is low, the teacher 
would have expected something to be written down. However, the student elected no 
form of any kind of solution. At the time of the pre-test, the student was quiet and a loner. 
The student had a hard time communicating with the other students in the group. The 
student was low achieving the first marking period. As the classroom climate changed, 
the student began to become more engaged, as noted through teacher observation and 
audio recordings, in the justification and problem-solving processes in class. 
As shown in the second attempt at finding a solution to the problem in Figure 4, 
the student answered the problem by the drawing (a form of communication) and writing 
the steps used to solve the problem. The student took time to draw the pictures, which 
indicated an understanding of the problem. The procedure used to answer the problem 
was incorrect as the student works with one formula for surface area and a mixture of 
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formulas for finding volume and surface area on the second figure showing a limited 
understanding in mathematical concepts. Despite the work being incorrect, the researcher 
attributed this growth to the dialogue this student engaged in during class (as observed by 
the teacher and in the audiotapes) the weekly journal entry scores increasing and that the 
student attempted to answer the problem by drawing pictures, one of the forms of 
communication learned through classroom discussion and group work. In addition, the 
student has shown growth over the semester by grade averages going from 60% to 72% 
providing for triangulation of data t demonstrate that the classroom did increase students’ 
communication over time in this class.  
 
Figure 4: Written Communication 
Another student who increased her skills in mathematics communication was 
Student H. In Figure 5 is an example of the increase in written communication for 
Student H, an average student on the state assessment test, who on the pre-test was asked 
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to determine the height of a television set when given the diagonal and the length of the 
screen. The student recognized the problem was one that used the Pythagorean theorem 
but failed to see the converse was needed in order to find the solution. The student 
showed some understanding of the problem’s mathematical concepts and principles, 
identified some of the important elements of the problem as shown by the drawing and 
strategy used, and gave some written explanation of the solution process by explaining 
what was done. However, the student labeled the picture incorrectly leading to an 
inappropriate use of the formula. The student wrote in the explanation that a model was 
drawn to show the angles. The problem did not require any knowledge of angles. The 
student did not justify any part of the written explanation. The researcher did not feel the 
student was making full connections to prior knowledge. Due to the lack of 
communication that had not taken place in the classroom at the time of the pre-test, the 
student was unable to apply any reasoning skills to solve the problem or justify the 
solution. The student used procedures, algorithms and a brief explanation. 
This student was observed and identified in the audio records over the nine-week 
period as actively participating in classroom dialogue and was improving in her daily 
journal writing. In the second problem, the student was asked to find the area a squirrel 
could cover. The problem never mentioned that a circle was needed in order to find the 
solution. In the written explanation the student gave, there was a complete written 
explanation and justification for the problem’s mathematical concepts. The student 
included some mathematical terminology, drew a picture as a useful communication 
strategy, and showed the computation needed to find the solution. The student gave a 
complete written explanation of the rational and steps toward the solution process. The 
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student was an average student whose reasoning ability grew through classroom 
discourse, group work and the justification process. The conceptual development of the 
student moved from average to high end during the marking period. It was as if the light 
bulb turned on and no batteries were needed to keep the student learning. The confidence 
level was astounding as observed by the teacher and mentioned by the student in that she 
shared she was much better in mathematics. The student was engaged at all times, 
worked well in the group, offered many great explanations, both in verbal and written 
form, to the class and went to the board to show work. The student moved from a 77% to 
a 83% from one marking period to the next. The student showed evidence of making 
connections to the real world and using prior mathematical knowledge. The data all 
indicated that this student was actively engaged in the written and verbal communication 
process in this classroom. This engagement impacted her post-test scores, daily journal 
entries and her overall grades along with her confidence from being in a communication 
rich classroom. 
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 Figure 5: Written Communication 
The final student, Student B, demonstrated his increase in his written 
communication skills as seen in Figure 6. Student B was an above average student on the 
state assessment, and during a journal writing entry was asked to find the height of two 
brothers when a total height was given and the difference in the height was five inches. 
The student was able to reach the correct answer using the strategy of guess and check 
but with minimal written explanations. He failed to mention the five-inch difference in 
the height of the two brothers. The mathematical terminology also was missing and so 
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was the justification. By using a guess and check method, where a lack of explanation 
was not fully executed, the researcher felt connections of prior mathematical skill were 
lacking.  
The last journal entry problem asked the student to find the amount of material 
needed for the lining of a swimming pool. This problem required the student to 
understand how to find the surface area of a cylinder. However, the pool did not have a 
lid, so the student had to recognize that the full formula was not needed in order for the 
solution to be found. The work shown on this problem indicated the student understood 
the problem’s mathematical concepts and principles. The student did not draw a picture 
of the pool with the dimensions, but was able to compute the surface area correctly 
without being told to find the surface area. The student used the appropriate formulas and 
executed the algorithms and computations completely and correctly. The student 
indicated that the pool had no lid and took out the extra measure for the lid. The student 
used correct terminology as indicated by the word surface area, cylindrical, cylinder and 
equation, which were key words of communication throughout the nine-week period. 
The researcher noted that the student’s daily classroom work and written journal 
entries showed a growth in conceptual development as well as the ability to explain and 
justify a solution. This student was an above average student who was very quiet at the 
beginning of the year. The student had a difficult time learning to speak in the class, but 
became one of the most affluent speakers in the classroom by the end of the nine-week 
study. The student was a leader in the group and was able to explain and justify all 
problems by the end of the marking period. The student was continuously engaged in 
class, worked well with his group, offered many explanations and justifications for his 
 64
work, both verbal and written form, throughout the nine-week period. The student moved 
from a 93% to a 95% over the grading period. The data all indicated that this student was 
actively engaged in the written and verbal communication process in this classroom and 
that it impacted his post-test scores, daily journal entries and his overall grades along 
with his confidence from being in a communication rich classroom.  
 
 
Figure 6: Written Communication 
As the researcher compared the growth of the three students, it is evident through 
triangulation of journal writings, teacher observation and pre-post test scores these 
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students’ skills in communication in mathematics did grow. Overall there was not a 
specific measure provided of communication but the evidence from students drawing 
pictures, growth in written explanations and justifications as well as the teacher observing 
the growth of these students’ dialogue as a professional educator and in the audio 
recordings provides indications of a dialog rich setting. Examples of the type of dialogue 
that provides further evidence of the communication rich classroom came from the 
audiotape recordings. The next section provides a snapshot of the classroom and an 
example of the daily dialogue occurring in the classroom. 
Audio-taping 
A snap shot of one of the lessons is shown below from one of the audiotaped 
problems. The problem had the students calculate the amount of bags of seed needed to 
fertilize the lawn around a building. The building was in the shape of a rectangle and the 
yard was in the shape of a trapezoid. The building occupied part of the area of the 
trapezoid. Students needed to make several calculations and then bring in the amount of 
square feet a bag of fertilizer covered to finally calculate the amount of bags needed. The 
teacher facilitated conversations like this on a daily basis to model questioning techniques 
and the thinking process needed in problem solving.  
 
Teacher: “I see some of you agree and some of you do not. Who can tell me why 
you disagree?” 
Student G: “The building” 
Teacher: “What do you mean the building?” 
Student G: “It’s in the way” 
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Teacher: “What do you mean it’s in the way?” 
Student G: “The building is in the way of the grass” 
Teacher: “Can someone tell me what he means that it’s in the way of the grass?” 
Teacher: “Who can tell me what I need to do with the building?”  
Student H: “Take it out” 
Teacher: “Can you better explain what you mean?” 
Student H: “First you need to find the area of the trapezoid and subtract out the 
area of the building” 
Teacher: “Ok. Good job. Do you agree with this?” 
Teacher: “Ok. What else do we need to do to answer the question being asked?” 
Student I: “Read it” 
Teacher: “Can you read it for us?” 
Student I: “How many bags of fertilizer need to be purchased?” 
Teacher: “How do we answer this question?” 
 
The researcher felt the ongoing questioning and student dialogue kept the students 
engaged with the problem. However, from this teacher’s past experience some of the 
students would have given up without this type of questioning if they did not understand 
the problem. The researcher felt the audio-tapings were a good instrument for gathering 
data on the communication used in the classroom. The researcher observed from 
reviewing the tapes and making anecdotal notes about the students that this level of 
questioning and communication added discussion of the mathematics in the problem. In 
addition, the students modeled the process through discussions; questioning and written 
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examples to demonstrate to their peers through communication their justification and 
explanation for how they solved the problem. Creating a classroom climate rich in 
communication through drawing, writing and talking that appeared to have an impact on 
student achievement over the nine-week action research study.  
Reliability and Validity 
The researcher felt the climate of the classroom was set where these students felt 
comfortable in taking risks, working together and growing as communicators in 
mathematics. Then, through the modeling of questioning and the facilitation of discourse, 
engaging communication took place between these students. During the communication 
process the students were able to use reasoning skills to facilitate their learning and 
conceptual growth.  
As shown in the table of student scores, each student grew from the beginning of 
the research project to the end of the research project. The researcher saw the biggest gain 
from the pre-test to the post-test in student B by an increase in nine points, a tie for the 
highest gain in the class. In addition, the journal writings for each student increased at 
least one point. The researcher attributes this gain to the climate of communication used 
in classroom discussions and writings in the daily journals. The students began to write 
explanations and justifications for each problem given.  
Reasoning is an integral part of doing mathematics and shown through 
communication as the students written justifications emerged Students use their reasoning 
skills by deepening their evaluations of their assertions and conjectures and using 
inductive and deductive reasoning to formulate mathematical arguments (NCTM, 2000). 
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The researcher observed the students as they began to develop the mathematical 
language and vocabulary needed to improve conceptual developments and connections in 
mathematics. Through the discourse happening at each table, the teacher observed 
reasoning skills as they took place. The students began to argue and back up their 
explanations with justifications even though they were not always a complete thought. 
At first, from teacher observation field notes, some of the students only wrote the 
problem and the procedure used in answering the problems. For many of the students the 
algorithm was written, but no written explanation or justification was given in written 
form as shown in the problem solving section under question one. The researcher 
believed that the students lacking the confidence to write chose not to do the work or 
attempt the problem in fear of being judged as too low performing or in adequate 
problem solvers. As the marking period progressed, the researcher observed improvement 
in the explanations and justifications as the students wrote in the journals.  
The researcher felt these findings support the data indicating the instruments used 
were a reliable source for collecting data as shown in the increased test scores and journal 
writings scores. The researcher observed an increase in confidence and the ability to 
make connections. The researcher felt the climate of the classroom aided in the growth of 
these students. The students had the opportunity to discuss mathematics, use reasoning 
skills and make connections to real world situation through problem solving 
opportunities. 
Summary 
Throughout this chapter, the researcher has shown the ways in which discourse 
and problem solving this action research study led to an increase in students taking risks, 
 69
developing conceptually in mathematics, and making connections through the problem 
solving process using the instruments the researcher selected for data collection. In order 
for students to regularly act in mathematical agentive ways, the students needed to have 
an atmosphere where they are expected to think for themselves. The researcher as 
documented in field notes and audio recordings was promoting discourse by modeling the 
questioning needed to spark thinking and communication within the classroom. In 
addition, by allowing students to work in small groups, the students were afforded the 
atmosphere conducive to learning in a non-risk environment. The conditions were set for 
learning to take place through the problem solving process as research suggested.  
In chapter five, the researcher discusses the relationship of conclusions found in 
this action research study with current literature along with the implications of this study. 
Hence, providing a reflection on how these students’ areas of growth reflect current 
practices in the field as well as how this study could further enhance with additional 
research. 
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CHAPTER 5 CONCLUSIONS 
 
This chapter provides a summary of how the findings of this action-research study 
relate to the current status of communicating through written explanations and 
justifications in a mathematics class. The purpose of this action research study was to 
look at how the use of verbal and written explanations and justifications in a seventh 
grade pre-algebra class impacted student outcomes. This researcher focused on the 
following action-research questions.  
1. How can problem solving help students written explanations and justifications 
in mathematics?  
2. How did students’ communication in a problem-solving climate impact 
students’ written explanations and justifications in mathematics?  
NCTM (2000) states, “Students are flexible and resourceful problem solvers. 
Orally and in writing, students communicate their ideas and results effectively. They 
value mathematics and engage actively in learning it” (p. 3). This statement on the way 
students need to learn mathematics is precisely the core value embracing this action 
research project. For this project the researcher wanted to investigate if the 
implementation of discourse in the researcher’s classroom impacted the communication 
and learning outcomes of students who were in a pre-algebra classroom compared to her 
past experience with discourse with students who were considered gifted and talented. 
 The researcher was anxious to see what would occur when problem solving and 
written and verbal communication were introduced into the pre-algebra mathematics 
classroom where the traditional classroom norms of being simply a consumer of 
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mathematics were challenged for most of the students. Through this action research 
study, the researcher was able to gain insight into the question, “How the use of verbal 
and written explanations and justifications in a seventh grade pre-algebra class impacted 
student outcomes”. 
Results 
This chapter provides first a review of the results of the study in relation to 
current findings in the literature followed by a discussion on the implications and 
limitations of the study. The chapter ends with recommendations and suggestions for 
future research in the area of using verbal and written communication in a pre-algebra 
classroom. 
After examining the overall outcomes of this action-research project, it became 
evident that over the nine-week period, changes occurred in the students’ quality of 
written explanations and justifications. Students began to use reasoning skills and make 
connections to other mathematical concepts as well as to be able to explain verbally in 
class and in written format within their journals through words and pictures. Mathematics 
educators, who subscribe to social constructivism, recognize that students learn and 
experience higher levels of understanding when they are stimulated by challenging 
activities in which they reason, conjecture, and explain their mathematical reasoning 
(Watson, 1995). This study appears to parallel the thought of Watson in that students did 
increase in their overall grades and in their written pre and post-test scores. The following 
findings are provided related to each of the research questions.  
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Implications 
In relation to the first research question regarding how this study impacted 
students’ problem solving and written explanations and justifications in mathematics a 
change observed. These findings reflect the observation by Witzel (2007) that students 
need opportunities to verbalize their thinking. Incorporating language experiences into 
mathematics study is a powerful tool for students to learn to rationalize mathematical 
processes. NCTM (2000) also placed an emphasis on the importance of communication 
for learning and doing mathematics, which reflects what occurred during this nine-week 
period. 
In a pedagogical problem-solving context, students are given opportunities to 
design, plan, evaluate, recommend, review, define, critique, explain, and make situations 
problematic (Pourdavood, 2003). Teachers need to analyze their processes and get 
students to communicate their thinking (Szetela, 1992). “Problem solving engages 
students in the development of their conceptual understanding of mathematics. It is a 
process through which mathematics becomes meaningful and relevant” (Johnson, 2006, 
p. 94). In this study, the researcher found that the students actively engaged in the 
problem solving process as the climate in the classroom changed. Once the students felt 
they were in a non-risk environment they began to explain and justify their work 
solutions both verbally and in written form. The students were able to reason through 
their solutions with more mathematical sense. Once the students began to verbalize their 
findings, they could see and hear what else needed to be added to the step-by-step 
process. The communication going on around the room helped students move from a 
complete concrete level into a more abstract level as shown by the journal writings and 
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the difference in the class’ scores on the pre-tests and post-tests administered over the 
nine weeks. 
 
The researcher’s findings support the importance of communication within the 
mathematics classroom and the need for a change in the role of the teacher and students 
as they move away from the traditional setting into a constructivist classroom where 
learning takes place through collaboration, problem solving and communication. This 
implication suggests that teachers should not be the deliverers of knowledge, depositing 
information into students (Freire, 1968), but that students should be engaged with their 
teacher and peers discussing and writing about their mathematical understanding.  
In this action research study the results were favorable to indicate that a classroom 
filled with verbal and written communication enhanced the students’ ability to explain 
and justify their work. Academic performance increased as indicated by grades as well as 
post-test analysis as students worked in small groups, engaged in dialogue and were 
required to explain and justify their solutions.  
Effective teaching as described by NCTM (2000) states, “if students are to learn 
to make conjectures, experiment with various approaches to solving problems, construct 
mathematical arguments and respond to others’ arguments, then creating an environment 
that fosters these kinds of activities is essential” (p. 18). Also, NCTM (2000) cites, “to 
support classroom discourse effectively, teachers must build a community in which 
students feel free to express their ideas” (p. 61). The teacher in this classroom firmly 
agreed with the stance NCTM had taken and worked hard to implement changes within 
the classroom by creating a comfortable, non-risk environment for the students. Lester 
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(2003) said, “to foster discussions that center on student’s solution processes, the teacher 
and students must create and sustain a risk-free environment in which students’ 
reasoning, not getting answers, is valued” (p. 149). 
 
Mathematical Connections 
Past research as well as the data from this study support a positive response to the 
question focused on students showing how connections have been made in the 
mathematics classroom. 
Research reveals the importance of building conceptual understandings in relation 
to mathematics (Harbaugh, 2005; Hiebert, 1999; Johnson, 2006, Lampert, 1986; NCTM, 
2000). Furthermore, research has shown that mathematical understanding is accelerated 
in a climate rich in student discourse (Lampert 1986; Santiago, 1993; Pourdavood, 2003; 
Reznitskaya 2005; Smith, 1998; Willoughby 1990). 
If students’ understanding of mathematical concepts are improved through 
problem solving activities and discourse, then our traditional classrooms need to be re-
evaluated or reformed. If our goal is to aid in the teaching and learning of mathematics in 
the US, then improvement must begin in our classrooms. In order to equip the students 
with the knowledge needed for the work place these changes must take place (Johnson, 
2006; Marrone 2004). 
The outcomes of this action research reflected a statement by Stallings (2007), “If 
students are pushed to think about mathematics more deeply and flexibly, they will, in 
effect, “see a different mathematics” (p. 212). Johnson (2006) states “problem solving 
engages students in the development of their conceptual understanding of mathematics. It 
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is through this problem solving process in which mathematics becomes meaningful and 
relevant” (p. 94). The researcher believed that the students in this study saw mathematics 
as relevant and important through the growth of all the work they demonstrated during 
this marking period both in written and verbal form. 
The creation of a climate of communication also seemed to impact students’ 
written explanations and justifications in mathematics. The NCTM supports the need for 
students to communicate in an effective classroom. “Effective teaching requires 
continuing efforts to learn and improve. These efforts include learning about mathematics 
and pedagogy, benefiting from interactions with students and colleagues, and engaging in 
ongoing professional development and self-reflection” (NCTM, 2000 p.18). One way for 
teachers and schools to achieve an interactive climate rich in communication is through 
the implementation of cooperative learning, where groups of students explore 
mathematical ideas, form conjectures, discuss results, and compare mathematical 
strategies together (Rubel, 2006). In this action research study students worked in groups 
regularly to enrich their problem-solving and justification skills through dialogue with 
their peers. 
The researcher observed that at times students had difficulty working with a 
partner and communicating mathematically. Even though the students were allowed to 
talk through the problems, most of the students chose to work independently. Students 
were encouraged to talk about procedural processes and steps involved in obtaining 
solutions. Answers were to be compared and steps revisited to find errors. The teacher 
went as far as to tell the students “two heads are better than one” to get the students more 
comfortable working together. Students had been conditioned to deposit information as 
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Freire (1968) described as the ‘banking’ concept of education, “whereas teachers merely 
deposit knowledge into “empty vessels” that are the students” (p. 59). Instead, in this 
study, the teacher attempted to get students to fill their own vessels through dialogue with 
their peers attempting to cement mathematical concepts. 
At the beginning of the action research study, students were more likely to work 
independently. Students relied on algorithms or procedures in answering a problem. 
Many of the students would not attempt a problem and would leave answers blank on 
class work, homework, and tests if they were not sure of the procedure to use. If called 
upon, they would answer, “I don’t know”, or “I didn’t get that one”. Many of the students 
were quiet and shy. They felt as if talking would get them into trouble. They were not 
used to sitting at tables and working with other students.  
For the students willing to share in front of their classmates prior to the study, 
explanations were only verbal and consisted of step-by-step procedures, but usually steps 
were left out. Several students could get correct solutions, but could not complete the 
process of explaining what was done to get to the final answer and no justifications were 
used. When the traditional norm was challenged, the dynamics of the classroom began to 
change. As the climate of the classroom changed, students began to take risks in both 
attacking problems and offering explanations in front of their peers. Students began to 
raise their hands and were more actively engaged in the problem solving process. 
As the students began to see success, more students engaged in mathematical 
discourse rather than inappropriate talking at their tables. With the focus on the process 
of explaining their thinking and helping others to understand within their groups, the 
understanding of mathematical concepts began to emerge. These findings could suggest 
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that students were more involved in problem solving discourse to allow maximum 
learning to take place. The communication process also seemed to help students build 
meaning and permanence for ideas and makes them public. “When students are 
challenged to think and reason about mathematics and to communicate the results of their 
thinking to others orally or in writing, they learn to be clear and convincing” (NCTM, 
2000 p.60). The findings in this action research project relate to what Rubentein (2007) 
suggests that communication improves when mathematical vocabulary develops through 
cooperative learning, using journal writing and implementing open-ended assessments 
that require explanations and justifications.  
When students learn to be involved in the problem solving process and are 
allowed to participate in communication with classmates, they can become empowered 
by knowledge. They can learn that “two heads are better than one”, and that sharing 
knowledge with one another can take learning to new heights. 
Limitations 
As with any study there are limitations to the outcomes. For this study those 
limitations include student absences, student motivation, class size, and professional 
roadblocks.  
 Throughout the study, groups changed during problem solving activities, which 
may have changed the direction of the discourse due to student absences. This factor 
must be taken into account when analyzing the data from this study. Although the 
students were put into groups of three and four, on occasion, one or two students within 
the group were absent, making a smaller group. Sometimes the smaller group was then 
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reorganized into another group where the comfort zone between students may have 
changed the direction of the communication process.  
In addition, the students in the class were handpicked for the AVID program and 
are more serious about their education than many of the other seventh grade students, a 
criterion for participation. While their levels of ability are similar to the students outside 
the classroom, there is more parental involvement and inner drive is more apparent than 
students on other teams. Overall, these students seemed motivated to do their work more 
than other students in the building. 
The class was made up of only eighteen students. This small class size may have 
had a direct impact on student academic performance. The teacher had the opportunity to 
facilitate the classroom more effectively asking and answering questions more often than 
in a larger classroom. Research shows that smaller classes learn more.  
Summary 
During this nine-week action research study, the researcher observed several 
important factors. One of these factors was that the teacher’s style of instruction was 
validated as a positive method on student learning outcomes. The research study 
indicated the teacher’s work with students who were considered gifted in the past did not 
just perform due to their intellect, but that both groups were able to progress in a 
communication rich classroom. The results of the study indicated that students in the 
AVID group who were not considered gifted, did learn through mathematical verbal and 
written communication, group work and problem solving activities. The teacher’s style of 
using hands-on activities and students sitting at tables working together was conducive to 
learning as research shows. In addition, the study validated that students understand 
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mathematical concepts if they can explain it through the explanation and justification 
process.  
Another factor the researcher observed was how many of the students’ grades 
improved. There were two students who missed a lot of school and their scores did not 
rise like their peers. The researcher attributes the decrease in scores to too many absences 
and lost collaboration time with their peers.  
The researcher believes further studies need to be conducted in different 
classroom settings to concur with these findings. The researcher also believes that the 
study should encompass a longer period of time for true conceptual growth to be better 
understood. The data collection methods need to have a wider range of instruments to 
further validate learning outcomes. Further research needs to be conducted with larger 
groups of students to ensure this method works across a larger group of students and 
teachers. Having both an experimental group to compare results with a controlled group 
involved in a quantitative research study would further validate the entire process. 
Overall, during this action research study, students were more apt to ask questions 
and take risks in giving solutions in written and verbal form. As students built more 
confidence, they began to rely on prior mathematics knowledge to aid in their thinking 
process. The students overall became more resourceful and looked things up in the 
mathematics textbook to see if they could find resources to help find solutions. Pape 
states, “Self-Regulated learners are active participants in their own learning, are able to 
select from a repertoire of strategies and to monitor their progress in using these 
strategies towards a goal (2003 p. 185). That outcome is precisely the one desired and 
hopefully achieved for these 18 students in this study.   
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Week I: Astronaut Training: Approximately 98 astronauts train everyday at 
Kennedy Space Center. How many astronauts train in a week?  
 
Savings Account: You have $175.00 in your savings account. You started the 
account with $25.00 and have deposited the same amount each Friday for 10 weeks. How 
much did you deposit each Friday? 
 
 
Week 2: Horse Back Riding: Suppose you pay $15 per hour to go horseback 
riding. You ride for 2 hours today and plan to ride 4 more hours this weekend. Find the 
total cost.  
 
Ears of Corn: A bin contains 120 ears of white and yellow corn. Of these, 78 ears 
are yellow.  What percent of the ears are white? 
 
 
Week 3: Percent Increase: Suppose 36 videos were added to a video collection 
that has 24 videos. What is the percent of change? 
 
Percent Decrease: In 1944, there were 2,372,292 active United States Air Force 
personnel. In 2001, there were 351,935. What was the percent of change in the United 
States Air Force? 
 
 
Week 4: Manatee Springs: Manatee Springs in Levy County produces a water 
flow of up to 150,000,000 gallons of crystal clear water per day. What is the gallon flow 
per hour? Write this in scientific notation.  
 
Todd’s Height: Todd is five inches taller than his brother. The sum of their 
heights is 139 inches. How tall is Todd? 
 
 
Week 5: Television Size: The length of the diagonal of a screen determines the 
size of a television set. If a 35-inch television screen is 26 inches long, what is its height 
to the nearest inch? 
 
Triangle Height: Suppose a triangle has an area of 20 square inches and a base of 
2.5 inches. What is the measure of the height? 
 
 
Week 6: Flag Area: The flag shown at the right is the international signal for the 
number three. Find the area of the red region. (A trapezoid is drawn and divided into 
three parts. The various parts are labeled and the student must find the area of one part of 
the trapezoid)  
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Trapezoid Height: A trapezoid has an area of 54 square feet. What is the measure 
of the height if the bases measure 16 and 8 feet?  
 
 
Week 7: Squirrel Area: A California ground squirrel usually stays within 150 
yards of it burrow. Find the area of a California ground squirrel’s world. 
 
Ice cream Distance: Jack and Mayuko left school at the same time to run errands. 
Mayuko walked east 1,600 feet to the bookstore. Jack walked south 1,200 feet to the 
gym. Jack and Mayuko wanted to meet for ice cream half way between the bookstore and 
the gym. How many feel would each have to walk? 
 
 
Week 8: Water Volume: If the full glass of water is poured into the rectangular 
container shown below, will the water overflow the container? (The glass was a cylinder 
with a diameter of 4 and a height of 6, the rectangular prism measured 5 by 5 by 3) 
 
Phone Comparisons: Which phone company charges less for a 5-minute phone 
call between New York and Chicago? Which company is cheaper for a 20-minute phone 
call? At what point are they the same? The Dash Company charges 48 cents for the first 
minute and 19 cents for each additional minute. The TT and T Company charges 75 cents 
for the first minute and 16 cents for each additional minute.  
 
 
Week 9: Pool Surface Area: Jose needs to put a liner in his above ground pool.  It 
is a circular pool.  The pool is four feet high and eight feet and sixteen feet across the 
pool. How much vinyl does Jose need to line the pool?  
  
Coconut and Sailor: 3 sailors and a monkey are stranded on an island. The sailors 
walk around the island and collect all the coconuts they can find. They are so tired at the 
end of the day, they decide to go to bed and sort them in the morning. One sailor gets up 
in the middle of the night and divides the coconuts into three equal piles with one coconut 
left over.  He gives it to the monkey.  Then, he takes his portion and hides it.  After 
moving the rest of the coconuts back into a pile he goes to sleep.  The second sailor 
wakes up and does the same thing.  Upon finishing he also goes back to bed.  The third 
sailor wakes up and does the same thing as the first and second sailor and returns to sleep. 
The following morning, the sailors get up and divide the rest of the coconuts into three 
equal piles, which leaves one for the monkey. What is the lowest number of coconuts 
they could have started with? 
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